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1. INTRODUCTION 
In this paper it will be shown that a comparison theorem is impossible for a 
multicomponent diffusion system unless further conditions are placed on the 
monotonic&y of the functions involved. The method requires the construction 
of a counter-example. 
Let B denote a bounded region of the Euclidean space of n-dimensions 
(4 = (Xl 9 x2 ,***, x,) and DT the product space ((x, t) : x E B, 0 < t < T}. 
B and DT are the closure of B and DT , 8B is the boundary of B, and ST is 
the cylinder {(x, t) : x E 3B, 0 < t < T}. 
We shall consider the nonlinear parabolic system 
Jqu) =f(x, 4 % w), 
8W 
- = g(x, 4 % w) 
at 
with coefficients defined in i& and functions f, g defined for all values of the 
variables (x, t, U, w) in a region R of (x, t, u, w)-space. In this space f and g 
both satisfy a uniform Lipschitz condition 
I h(x, $9 Ul > Wl) - h(x, 4 % 9 w2) I < M(I Ul - % I + I Wl - w2 I), (2) 
where (x, t) E &, (x, t, ui , wi) and (x, t, u2 , wa) E R and h 3 f or g. 
The first stage in proving the existence and uniqueness of a solution to the 
system (1) is often that of proving a comparison theorem for the system. 
McNabb [I] took this approach when f is a nonincreasing function of w and g 
is a nondecreasing function of u. 
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To explain this, suppose that u1 , u2 , w1 , z+ exist and are continuous in 
DT; their second-order x,-derivatives and first-order t-derivatives exist and 
are uniformly bounded in D, , and satisfying their the inequalities 
awl - - g(x, t, Ul , WI> < 2 - g(x, t, u2 , 4. at 
McNabb showed that if u1 < u2 on ST and u1 < u2, w1 < w2 on B when 
t = 0, then u1 < u2 and w1 < w2 in & provided f and g are monotonic in 
the above sense. 
This paper will show that a comparison theorem is impossible without 
specific requirements on the monotonicity off and g, such as f is a non- 
increasing function of w and g is a nondecreasing function of u. 
An apparently more general system is discussed in Zeragija [2], that is a 
system of m coupled parabolic partial differential equations, 
aui - - V%, = fi(X, t, u1 ,...) u,), at 
for i = l,..., m. Zeragija has set up a comparison theorem for this system. 
However, the conditions he has imposed on the functions, viz., 
If&, 4 Ul ,***, %> -f&5 t, 4 ,*.*, 24;) 1 < K 1 ui - 24; 1, 
imply that fi is independent of each u, for j # i. This means that the equa- 
tions are in effect uncoupled and the results are merely applicable to the 
equation 
a24 z - V%= f(x, t, u). 
Such systems (as in (1)) arise naturally in problems concerning slow com- 
bustion with heat generation and consumption of reactant in accordance with 
the Arrhenius law [3]. This usually means that f and g are nonincreasing 
in w and u, respectively. 
2. COUNTER-EXAMPLE 
In this section an example will be given to illustrate the statement that a 
general comparison theorem is impossible. This will be done by considering 
the system (1) with, at present, no requirement on the monotonicity of the 
functions f and g. 
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It will be assumed that: 
f = au + bw, 
g = au + bw, 
where a and b are constants. For simplcity, the geometry will be confined 
to n = 1 and j x 1 < n/2. The operator L will be taken as that of the diffusion 
equation. Therefore the equations are 
&.l iu ---= 
2x2 at au + bw, 
This problem will be posed with zero boundary and initial conditions. Hence 
the solution of (4) will be the trivial solution u = w = 0. This solution will 
be the known solution for which comparison functions will found. These 
will be obtained simply by separating the variables. It will be shown that it 
is possible to find functions which although satisfy the inequalities suggested 
by (3), do not remain of constant sign for all t, i.e., are not consistent upper 
and lower bounds for the trivial solution. 
If one proceeds in the way indicated by McNabb’s result, and attempts to 
find solutions ur , wr which satisfy 
z2u, e 
ax* at < au, + bw, , 
2W 
-2 
at 
2 au, + bw, , 
it would be expected that, provided the initial and boundary conditions are 
specified correctly, ur , wr would remain positive. It should be noted that 
McNabb’s result applies only to the case a > 0, b < 0. In the above relations 
the case of equality will be taken. Further, take the boundary condition for 
ur as ur = 0 on x = & ~-12, and try 
241 = p(t) cos x, 
WI = q(t) cos x, 
as a solution of the problem. Hence, on substitution in the equations, it 
follows thatp, q must satisfy 
4 z= - (a + 1)~ - bq, 
4 -= 
dt UP + bq. (5) 
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Both p and q are therefore solutions of the second-order equation 
g + (a + 1 - b) ; - br = 0, 
the solutions of which are eat where 01 satisfies 
012 + (u + 1 - b) 01 - b = 0. (6) 
The system (5) is an autonomous system as described in Hurewicz [4]. 
The system is linear and has a singularity at (0,O) in the (p, q) plane. It will 
be assumed that it has no other singularity, i.e. that 
-(a+l) --b 
b 
=-b#O. 
a 
Then, depending on the sign and reality of the roots of Eq. (6) the singularity 
is a nodal point, saddle, vortex point, or a spiral points. In the latter two cases, 
it is clearly impossible to ensure that p(t) and q(t) remain of constant sign. 
It is of interest to note the case of McNabb’s result (a > 0, b < 0). This 
means that (a + 1 - b)2 - 4b is positive, i.e., the roots of (6) are both real. 
The singularity is a node which is stable as shown in Fig. 1. If (i) p(O), q(0) 
are both positive, or (ii) are both negative, then p(t), q(t) are of constant sign 
for all t > 0. 
FIG. 1. 
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